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Quantum Otto heat engine on piston
model: the effect of interaction and
finite time
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Outline

* Quantum Otto Heat Engine with Trapped Repulsive Bosons
* 1D repulsive bosons in a hard wall box
* The effect of the Interaction on the efficiency

* Finite-time Otto Heat Engine with Piston Model
* Finite-time adiabatic process
* Finite-time Otto heat engine
* Realization on piston model



Quantum Otto Heat Engine with Trapped

Repulsive Bosons
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Interaction affects the spectrum
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1D Repulsive Bosons in a Hard Wall Box

* The Hamiltonian iIs

N2
H(L,¢c) = Z ﬁ + +V({x;})
i=1



1D Repulsive Bosons in a Hard Wall Box

* Bethe's Equation

C
+ arctan

c
k.L = mn; + Z(arctan — P ).

j#i
* The energy

E(L) —ZLQ/)m
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]{ZiL:W(ni+i—1)—Z (ki_kj + kz+k])
. C C
* The energy i
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Qua ntu m OttO CyC|e For quantum adiabatic processes

Il & IV, the probability distribution

Stroke Il (2 — 3): does not change.
R Quantum adiabatic expansion.
2 Wy = (H), — (H), < 0.
............... . - 2
Stroke Il (3 — 4): Stroke | (1 — 2):
Isochoric cooling. - Isochoric heating.
Tl = 71
Qc:<H>4_<H>3<O- Qh=<H>2—<H>1>O.
R R oo PR
<>

Stroke IV (4 — 1):
Quantum adiabatic compressing.

Wo = (H), — (H), > 0.



Interaction Effect on Efficiency

. . . (2) (4) (L2,c)
The efficiency Is 1 [ . 2 {ni) (p{n } p{nz}) B
Qn ( 2 ) ) (Li.c)’
2 tny \Piniy ~ Pinay) By
* For large c, we have 0.750f
-1 0.745|
ne1— L1+ 0.740}
Loy + 2(N . 0.735} - N =2
by
L 0.730 .y _3
0.725}
0.7200 ~N=4
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Bose-Fermi duality for 1D interacting Bose gas

[ .
c — oo Bosons Free Fermions
[

M. Girardeau, J. Math.
Phys. 1, 516 (1960).

The Energy for two interacting Bosons

(1, ne) = (N1 + 1,n92), ny > no



Interaction Effect on Efficiency

* With a ratio between two
energy

EELQ}C)
i s ) = 1= i

* The efficiency Is rewritten as

+ Minimum points -
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Interaction Effect on Efficiency

* For different temperature of the cold and hot bath
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Interaction Effect on Efficiency

* \in Matches with nmin at different temperature.
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Finite-time Otto Heat Engine with Piston Model

|deal Quasi-static
thermodynamic

cycle

Shortcut in finite-time

Otto heat engine Not quasi-static
PRE.94.032116 (In finite time)

PRE.98.032121

Finite-time
adiabatic
process

We optimize the duration of the

Finite-time Otto
cycle

Finite-time Carnot heat engine
Curzon-Ahlborn efficiency

F. Curzon and B. Ahlborn, Am.
J. Phys. 43, 22 (1975) ,pup :1_\/?

h

@w-dissipation heat enginh
M. Esposito, et, al, PRL 105,
150603

Y.-H. Ma, D. Xu, H. Dong, and
C.-P. Sun, Physical Review E 98,

042112

1/t law for the irreversible
entropy production for a
finite-time isothermal

o . . . _ Process
finite-time adiabatic process to gam\ /

high power.




Finite-time Otto Heat Engine with Piston Model

Realize on piston model.

H2 )
H(t) = ‘)]:'\[ + V(x,t),

oo x<0,z> L(t)
0 0<z<L(t)

Vix,t) =

L(t) = Lo + (L1 — Lo)—

The exact solution exists
S. W. Doescher and M. H.
Rice, American Journal of
Physics 37, 1246

Validity of nonequilibrium
work relations for the
rapidly expanding quantum
piston

H. T. Quan and C. Jarzynski,
Physical Review E 85,
031102 (2012).



Finite-time Otto Heat Engine

Stroke Il (2 — 3):

W adiabatic expansion.
3 L EE =

- - 4 iﬁh —— 2
Stroke Il (3 — 4): —F Stroke | (1 — 2):
Isochoric cooling. T E=T1 Isochoric heating.
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Stroke IV (4 — 1):
adiabatic compressing.



Finite-time Adiabatic Process

* The control Hamiltonian

ZE,I ) (1)) (n(t)] .

* The von Neumann equatlon |

/)_—5 H() ]

 with a Initial thermal state

p(0) an .(0)) (n(0)]

* p(t) follows as

an Wn % )‘ °



Finite-time Adiabatic Process

* On the Instantaneous eigenstate, we have

n(0) = 3 e (®) 1(8))

* Cpl IS Obtalned by

th ((.'rll(t) + Z an(f) <[(1‘)| ](t)>) = (--V"n,l(.f)El (%)

J



Finite-time Adiabatic Process

h’<l(t) |7.1'(t)> << 1

* The quantum adiabatic approximation gives )(En(t)—El(t))
O (t) = exp [ / —% (En(t1) — i (n(t1)] 2(t1))) dtlJ ) =0,n#1
o T

* \We solve to the next order

ih (af}}m + e (t) (1) j<f>>) = ¢\ (1) Ea(t).
J



Finite-time Adiabatic Process

* The work for the finite-time adiabatic process
Wi(r)=trp(t)H(7) — trp(0)H (0)

- Z Pn (l(‘nl('f-_)l2 Ea(T) — En O))

nl

* The work for quasi-static process
W =" pp (En(1) — En(0))

* \We define the extra work
W) (7)) = W(r) — W™,
— Zp-n. |(f"-nl (T)|2 (El (T) — En(T))

nl



Finite-time Adiabatic Process

* We find W'*(r) decrease with oscillation with longer duration t

W (e (1) = E) +E>svillz1to;l torm.s}
T~ T2
[V[/(mean ex) (7—)} [‘/V(()scilla,t.ed ex) (7_) }

* The oscillated term comes from the oscillation of | (7)|>. n # 1
* Higher-order quantum adiabatic theorem == Y oscillated term
« W) (7) > 0 for initial thermal state == positive ¥



Finite-time Otto Heat Engine

A
>
Vv

r(ex \ 1 .
W (7)o — == Maximum power

T

* Neglect the time consuming of the
ISOchoric process




Finite-time Otto Heat Engine

* The power and the efficiency Is

p— ”ﬁrco}?cle B 1 2 1 4 &
71 + 7o 2 13)




Finite-time Otto Heat Engine

* The optimal power is obtained by 2£ —
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Finite-time Otto Heat Engine

* The maximum power

> ([ Wue s
P — cycle /2
3v3 \ 21?4+ ni/?

* The efficiency at maximum power

21)°
9 2 00
0 2/ 4ml/? >
* satisfying
21 21

< 1mgmp < :
3 = JEMP = 3

WS

cycle

= (H), — (H)" + (H)5 — (H)

™8



Finite-time Otto Heat Engine

* The optimal duration and the work for quasi-static cycle

2/3w1/3 2/3w1/3
1 ' 1 o0 2 = V. 700
cycle \ N cycle

Whatis 3, X5 microscopically?

bo



Realization on Piston Model

* We consider a single particle in a box with time-dependent length

.5‘2 )
H(t) = )1\[ + Vix,t),

V=% T<0a>LE
Y00 0< e < L(t)

* The protocol Is

L(t) = Lo+ (L1 — Lo)

t
/ 7_ *



Realization on Piston Model

* At quantum adiabatic limit, the mean part and the oscillation part
are

B 6

o0 x \2 2 D) . )
17(ex mean) o | M (Ll — LO) (Ll + LO) 1 1
W (™) Z P 6  4m2n?

r(ex oscillation) , - — M 16L (Ll - LO)Q [*n? (71-2 — 12)7T2h.. T
1’1»"( llation) _ . 0 O .
B () nz::OP' 72 I ; 22 _—n2)3 o\ 2ML, L)



W(GX)

Realization on Piston Model

* Matches with exact numerical result for large .

Expansion for the thermal state, Lo=1, L1=2
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Compression for the thermal state, Ly=2, L1=1

1000+

10+

W(eX)

0.100+

0.001+

0.01 010 -

10 100
)



Realization on Piston Model

* The corresponding coefficient for high temperature is

(L1 — Lo)* (LT + Lg)

X1 =m 612
| (L1 — Lo)? (L7 + Lg)
dio =M 612 .

* The optimal power and the corresponding efficiency Is

pe_ 22 kp (ToLg — T1LY) (£z — 7z) 4o
3\ [m(Ly — Lo)2 (L3 + L3 (3 + —372)
1 0
2N
TIEMP = 1
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Summary 0745
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0.735f - N=2
* Bose-Fermi Duality T07300 .y g
0.725
07200 = N=4
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n=1-— (N it S SO
Lo+ 2 —1) 05 1 510 50 100
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* For finite-time adiabatic process, W' (1) > 0;

21

* The EMP for a finite-time Otto cycle 7ewr = T

2
T 21/3—{—21/3 7
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